Tenth exercise sheet for the lecture

Syntax Directed Semantics (Part II)

Prof. Dr. Heiko Vogler / Dr. Janis Voigtländer

Winter Term 2007/08

Exercise 29 Let K = (K, ⊕, ⊙, 0, 1) be a finite, commutative semiring and let Σ = {⊕^{(2)}, ⊙^{(2)}} ∪ {k^{(0)} | k ∈ K}. Try to give a closed formula φ such that for every t ∈ T_Σ, ([[φ]], t) is the “evaluation” of t in K. �

Exercise 30 Show that the class of recognizable step functions is closed under both + and ⊙. �

Exercise 31 Let Σ = {γ^{(1)}, α^{(0)}}, consider the semiring N, and let φ = ∀x.∀y.2.

1. Show that φ is not restricted.

2. Show that [[φ]] is not recognizable. �

Exercise 32 Let φ ∈ MSO(K, Σ) with Free(φ) = W, and let M = (Q, Σ_W , K, μ, γ) be a wta with r_M = [[φ]]. Construct a wta M^′ with r_M ′ = [[∃X.φ]]. �

Exercise 33 Let Σ = {σ^{(2)}, γ^{(1)}, α^{(0)}}, W = {x}, and let the languages L_1, L_2, L_3 ⊆ T_{ΣW} be given as follows:

• L_1 = L(φ), where φ = label_γ (x).

• L_2 = L(M), where M = ({q, q^′}, Σ_W , δ, {q}) with δ^0_α() = δ^0_{⟨α,x⟩}() = {q}, δ^1_γ (q) = δ^1_γ (q^′) = δ^1_{⟨γ,x⟩}(q) = δ^1_{⟨γ,x⟩}(q^′) = {q^′}, δ^2_σ(q, q) = δ^2_{⟨σ,x⟩}(q, q) = {q}, and δ^2_σ(−, −) = δ^2_{⟨σ,x⟩}(−, −) = {q^′} for every other combination.

• L_3 = T_{ΣW} \ (L_1 ∪ L_2).

Construct an fta ~M such that

L(~M) = {(s^′, ν) ∈ T_{Σ×{1,2,3}} | ∀w ∈ pos(s^′). s^′[x → w] ∈ L_{ν(w)}}. �

Exercise 34 Let Σ be a ranked alphabet, V be a finite set of variables, and φ, ψ ∈ qf-MSO^−(Σ) with Free(φ), Free(ψ) ⊆ V.

1. Show that [[φ^+ ∧ φ^−]]_V = [[0]]_V and [[φ^+ ∨ φ^−]]_V = [[1]]_V . 2. Give similar simplifications for [[φ ∧ φ^−]]_V and [[φ ∧ φ^+]]_V . 3. Show that [[φ → φ]]_V = [[φ ∨ φ^−]]_V .

4. Show that [[φ ↔ ψ]]_V = [[(φ ∧ ψ) ∨ (φ^− ∧ ψ^−)]]_V . �