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Abstract

With the aim of putting type-based reasoning for functional logic languages, as
recently explored by [Christiansen et al.| (2010]), on a formal basis, we develop a deno-
tational semantics for a typed core language of Curry. Dealing with the core language
FlatCurry rather than with full Curry suffices, since there exists a type-preserving
translation from the latter into the former. In contrast to existing semantics for func-
tional logic languages, we deliberately approach the problem “from the functional
side”. That is, rather than adapting approaches previously known from the study of
(resolution-like) semantics for logic languages, we aim for a semantics in the spirit of
standard denotational semantics for the polymorphic lambda calculus. We claim and
set out to prove that the presented semantics is adequate with respect to an existing
operational semantics. Due to problems with recursive let-bindings in combination
with call-time choice (discussed in an appendix), we give the denotational semantics
in the presence of non-recursive let-expressions only.

1 Introduction

It would be nice to have standard reasoning tools used in functional languages at disposal
for functional logic languages as well. For example, type-based reasoning via free theorems
(Wadler| [1989), which has become popular in the functional programming community,
might also be useful for functional logic languages. Free theorems formalize semantic
properties that are obtained by considering only the type of a function. We have already
investigated free theorems for the functional logic language Curry in an informal and
example-driven way (Christiansen et al.|2010)), but a thorough formal investigation is still
missing. To formally investigate free theorems, we have to define a logical relation over
the type structure of the programming language and to prove fundamental results about
it. For doing so, a completely compositional semantics, a denotational semantics, is very
desirable. Here we mean compositionality less in the sense of module structure and related
concepts for programming-in-the-large as studied by Molina-Bravo and Pimentel (2003]),
and more in the basic sense considered also by [Lopez-Fraguas et al.| (2009)).

In the setting of functional logic programming, there are two nearly standard seman-
tics: the constructor based rewrite logic CRWL of |Gonzélez-Moreno et al.| (1999) and an

*This paper is a revised version of a WFLP’10 contribution (Christiansen et al.|2011)).
fThis author was supported by the DFG under grant VO 1512/1-1.



Section 1 Introduction

operational semantics of Albert et al. (2005 and |Braflel and Huch! (2007a). In the ab-
sence of recursive let-expressions, Lopez-Fraguas et al.| (2007) have proved these semantics
equivalent. The rewriting logic CRWL consists of a set of (conditional) rewrite rules, and
programs are rewritten to a set of constructor terms. Originally, CRWL does not consider
types and does not support higher-order functions. Even if known extensions for these
aspects are considered, a denotational semantics seems more valuable for our purpose.
Hence, the first step in a formal investigation of free theorems for Curry is the devel-
opment of an appropriate denotational semantics for at least a subset of the language,
containing the main functional logic features. Equational reasoning is another beneficiary.
Finally, a functional-style semantics fits in well with recent developments in the field of
functional logic programming. For example, while early Curry implementations compiled
to Prolog, recent implementations compile to Haskell.

A functional logic language can be considered as a functional language extended with
nondeterminism and free variables. Adding nondeterminism can be modeled by switching
from a single-value term semantics to a set-value term semantics. [Sgndergaard and Ses-
toft| (1992) present twelve possible choices in the design space for this kind of denotational
semantics. These choices span over three independent issues, namely strict or non-strict
evaluation, call-time or run-time choice, and angelic, demonic, or erratic nondeterminism.
Curry is a non-strict language with call-time choice and essentially provides angelic non-
determinism. Call-time choice means that for each variable a nondeterministic choice (if
necessary) is made only once, even if the variable is used more than once. It is maybe
best explained by the double coin example, where coin is nondeterministically 0 or 1
and double is defined as double x = x + x. Since the choice for coin to be either 0 or
1 is the same for both occurrences of x in the body of double, under call-time choice the
result of double coin is 0 or 2 but never 1.

Now, what should a denotational, functional-style semantics for functional logic pro-
grams be like? Of course, it should be equivalent to an established semantics. Moreover,
choosing a “native” source language seems reasonable. Here we present a denotational,
functional-style semantics for the typed, flat, functional logic language TFLC. This lan-
guage is a typed adaptation of the FLC language, which is the source language for the
operational semantics of|Albert et al.| (2005) and for a CRWL-adaptation by Lopez-Fraguas
et al.[ (2007), who introduced the name. The language reflects all semantically important
features of FlatCurry, the intermediate language for all recent Curry implementations
(MCC, PAKCS, KiCS), but does not deal with implementation features like modules and
import statements. Also, for our denotational semantics we allow only non-recursive let-
expressions. Since there exists a type-preserving translation from Curry to FlatCurry and
hence to TFLC, we are hopeful that type-based reasoning about TFLC programs will
eventually allow assertions about actual Curry programs.

The contributions of this paper are the extension of the FLC language with a type
system and the definition of a completely compositional, denotational, functional-style
semantics for the typed language TFLC minus recursive let-expressions. We also start to
give formal evidence that our semantics then is equivalent to the operational semantics
of |Albert et al. (2005) and Braflel and Huch| (2007a), and therefore, equivalent as well
to CRWL (Lopez-Fraguas et al.|2007). In an appendix, we consider the situation with
recursive let-expressions.



2 The Language TFLC

First, we give the syntax of TFLC:

o Va.o | T

T == a7 — 1| [r]|Nat| Bool
P == DP|e

D == fuo; f(Tp)=e¢

e e

x| n|e +ez|Nil | Cons(ei,ez) | True | False | e; 7 ez |
case e of {True — ej;False — ea2} | f= | apply(e1,e2) | unknown, |
case e of {Nil — ej;Cons(z,zs) — e2} | let T, = 7, = €, in e | failed,

In it, o denotes a type scheme (possibly with leading type variable quantifications), 7 a
type (without type variable quantifications), P a program, D a function definition with
type declaration, and e an expression. Moreover, « ranges over type variables, x over
term variables, n over natural numbers, and e represents the empty program. We refer
to Cons, Nil, True, False, and any natural number n as constructor symbols and to f with
(f(zn) = e) € P as (n-ary) function symbol. An expression whose outermost symbol is
a constructor symbol is called constructor-rooted. We use bars to refer to sequences of
objects. For example, T, - 7, = €, denotes 1 :: Ty = €1,...,Tn 1 Ty = €p.

Our TFLC syntax differs in some respects from the syntax of FLC as presented by
Albert et al.| (2005). We add unknown, to denote free variables and failed to denote
failure. Albert et al. instead use recursive let-expressions of the form let x = x in ...
to denote free variables, and introduce failure only implicitly via incomplete case expres-
sions. These are only minor differences. Higher-order is addressed through the primitive
apply(-,-) and a syntactic form for type-instantiated function symbols, which is similar
to the extension made by Albert et al. (2005)) in their Section 5.3. Also compared to
their FLC language, we omit rigid case expressions, because we do not consider residua-
tion. Moreover, for simplicity, we consider only lists and Booleans as algebraic data types.
However, the denotational semantics to be presented in Section [4] can easily be extended
to arbitrary algebraic data types. As a primitive data type, we include natural numbers,
called Nat. While current implementations like PAKCS suspend if a free variable of type
Int is instantiated, our data type Nat is narrowable.

Two more comments on the treatment of free variables are in order. 1) Any occurrence
of unknown, denotes a fresh occurrence of a free variable, not a single constant. Thus,
the expressions let z :: Nat = unknowny,; in x + x and let x :: Nat = unknowny,, y
Nat = unknownyy,; in z+y mean very different things. 2) Free variables of function types
(generally, of types involving —) are not permitted. We could have encoded this constraint
in the type system, presented next, but for simplicity leave it as a global restriction instead.

Figure [1] shows the typing rules for TFLC. A typing judgment is of the form I' e :: 7
and states that e is typable to 7 under an (unordered) typing context I'. Such a typing
judgment, with typing context I' = {@n,, T, 7= 70, }, is walid if and only if all type variables
occurring in 7, and 7 are among &;,,, all term variables occurring unbound in e are among
T, and there exists a type derivation for the judgment using the rules given in Figure
Note that typing is always with respect to a given program P, used in the rule for f=- to
access type information about a function defined in P. Formally, the typing judgment thus
would need to be indexed by that program P, but we omit this for the sake of readability.
By [7/a] we mean syntactic replacement of occurrences of a type variable a by a type 7, and



Section 3 The Natural Semantics

'k n:: Nat I' - True :: Bool I' - False :: Bool '+ Nil; =2 [7]

| Il el e I' F unknown,; :: 7 I' - failed, :: 7
T'ke T 't eg 7] I' - e :: Bool I'ke I'key:r
I'+ Cons(ey, e2) :: [7] 't case e of {True — eq;False = es} i 7
I'ke::[7] F'kFer R I PR

I' - case e of {Nil — ey;Cons(x,zs) — ex} = T

I'Fe;::Nat I'tFeg:: Nat I'tFeram T'hegir
I'Fep 4+ es:: Nat I'Fel?ey:t
Lz, w7, Ferom - Do b e,my Iz, w7, Feur

I'tletz, =7, =e,ine:: 7

(f = VYoq---Vay,.T) € P I'He i —m I'Heyiim
Tk for o T[T/ ] I'+apply(er, e2) = 7

Figure 1: Typing rules for TFLC

we use a corresponding vector notation for multiple simultaneous replacements. A program
P is well-typed if and only if for each function definition f(Z,) = e with type declaration
fuVar.- Yo, 11 — -+ = T, — 7 in P the typing judgment &, T, = 7, F € 2 7 is valid.

3 The Natural Semantics

Albert et al.|(2005]) present an operational semantics, called natural semantics, for FLC. To
guarantee correct behavior with respect to call-time choice, the natural semantics is defined
for a normalized subset of FLC terms and programs. We adapt this natural semantics to
TFLC. Therefore, we need to restrict to a normalized subset of TFLC expressions and
programs as well.

Definition 3.1. A TFLC expression is normalized if
e all arguments to apply are variables,
e all constructor arguments are variables,
e unknown, only appears as right-hand side of definitions in let-expressions.

A TFLC program P is normalized if for every function definition f(Z,) = e in P the
right-hand side e is normalized.

The process of normalization introduces let-expressions that bind (non-variable) function
arguments to variables. The original function arguments are replaced by these variables.
For a formal specification of normalization we refer to Albert et al. (2005, Definition 3.2).
An adaptation of this procedure to TFLC is possible but cumbersome, due to the required
handling of type annotations. We avoid spelling out the details, and simply let el and PT
denote the normalized versions of a term e and a program P, respectively.



Figure [2| presents the natural semantics for normalized TFLC. Note that we consider a
fixed normalized program P, which, for example, is used in rule (Fun). We omit rules for
Boolean case expressions as they are analogous to the rules for list case expressions. We
deal with higher-order features in the spirit of the corresponding extension of |Albert et al.
(2005, Section 5.4.3). Note that we do not take over the problematic rule (VARExP) of
Albert et al.| (2005)), instead replacing it by the rule (Lookup) of Brafiel and Huch| (2007al,
who discovered the inappropriateness of (VAREXP)).

Given a normalized expression e under a heap A, a semantic derivation for a statement
A:e |l A’ : v means that e under that heap can be evaluated to v while the heap changes
to A’. The derivation guarantees that v is in head normal form or a variable that points
to unknown, in A’. An expression is in head normal form if it is constructor-rooted
or a partial function application, i.e., of the form f=(€x), which is an abbreviation for
apply(... (apply(f=;,e€1),--.),ek), for some n-ary function symbol f and k& < n. Note
that partial applications with k > 1 are never part of a normalized TFLC expression; but
they may arise in semantic derivations in the premise of the rule (Appry). Also, for k =0
we identify fz—(ex) = fz-() with just fz.

For details about the rules of the natural semantics we refer to the papers of |Albert
et al. (2005) and Brafiel and Huch (2007al). But let us highlight some adaptations that are
due to our syntactic handling of free variables and failure. The rule (Lookup) forces the
heap entry for the considered variable to be evaluated if it is not some unknown.. If it is
unknown,, the rule (VaL) applies instead, and the evaluation is completed. Thus, a free
variable is only instantiated if necessary, that is, if it appears in the scrutinee of a case
expression or in a summation. For example, in the rule (LGUESS:) the free variable = of
type [7] is instantiated to Cons(y, ys) to go on with the derivation via the second premise
of the rule. The function g used, for example, in (LGUESSs) renames variables and is
canonically extended to arbitrary expressions. By employing (globally) fresh variables in
(LGUESsSs) and in (LET), we guarantee that no variable is ever used twice.

As an example, we present a derivation for the double coin example used in the
introduction. We consider the following TFLC program:

coin :: Nat; coin() =071
double :: Nat — Nat; double(x) =z + x

Fortunately, both functions are already in normalized form. On the other hand, the
expression apply (double, coin), i.e., double coin in TFLC syntax, is not. So we consider
the corresponding normalized version let x = double,y = coin in apply(:v,y)E] In the
following derivation we use the abbreviations A; = {2’ — double,y’ — coin}, Ay = {2/ —
double}, and Az = {2’ — double,y’ — 0}:

(PARTVAL)

{y' + coin} : double |} {y' — coin} : double (LooKUP)

Ar: 2’ | Aq: double
Ay :apply(2',y') § Az : 0
0 : let © = double,y = coin in apply(z,y) |} As: 0

(1)

(APPLY)
(LET)

'Here, and later, we omit type annotations for let-bound variables in examples.
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) .
(LOOKUP) Ael Ao where e # unknown, for any 7
Alz ez Az —v]:v
where v is constructor-rooted
(VaL) AiviAy or v =z and A(x) = unknown, for some 7
(Fux) A:ole) | A v where f ::Voq. - -Vou,.7; f(U,) =€ in P
Aifﬁ(ﬁ)UA,Z’U and ¢ = {Qm = Tm, Yn = Tn}
Lo Al = olen)] : o(e) Y A v where o = {7777}
AcletTrmm=epine | A v with g fresh
. /. /. n .
(PLUS,) A:er J A :my Al :reg | A" :mog
A:ier+e | A :ing+no
(PLUS») Aieg JA :my A':eg | A”[y — unknownpy @ y
A:ep+es ) Ay ngl:ing +no
A:ep | A'lz — unknownpy| : z Az = nq]:eg § A” i ny
(PLUSg)
Aier+e | A” :ng +no
A ey || A'lz — unknownp, @ @
(Prusy) Az — nq] :ea | A"y — unknownpy : y
Ac:er+ex | Ay — nol:ing + no
where n1,ny € Nat
o .
(OR;) X A cf? b ﬁ&” where i € {1,2}
te1 7 ey )
. NG /. " .
(LSBLECT,) A.el}A. : Nil Alreg JA" 0
A : case e of {Nil — ej;Cons(z1,22) — e} 4 A" 1 v
. /. /. n .
(LSELECT,) A:el A’ : Cons(y, ys) A" p(e) J A" 2w
A : case e of {Nil — ej;Cons(z1,z2) —ex} | A" v
where o = {z1 — y,z2 — ys}
: ! k : ! il : "
(LGuUEsS)) A:e | A'lr = unknown] : x A'lz — Nil;]:e; J A" 1 v
A : case e of {Nil — e;Cons(z1,x2) — ea} J A" 1 v
. / k . / " . n .
(LGUESS,) A:e | A'lr = unknown] : x ATUA":p(ea) § A" v
A : case e of {Nil — ey;Cons(z1,x2) — e2} J A" v
where o = {x1 — y, z2 — ys} with y, ys fresh
and A" = [z + Cons(y, ys),y — unknown,, ys — unknown]|
(PARTVAL) A fmr(Tk) 4 A for(Tk)
) I (= I (e ",
(APpLY) Az A fer(Tg) A fee(Tr,y) A" 2w
A :apply(z,y) § A" v
where f ::Vay....Va,.7; f(T,) =ein Pand k <n

Figure 2: Adaptation of the natural semantics presented by Brafiel and Huch (2007a))



At position (1) we use the following subderivation{’

AQ:OU«AQ:O(\E?;&)
Ay:0710Ay:0 o0
= - (Fuy) : o (VAL
A;. 'coz/n iLAAg' 6O (LOOKUP) 22 " O/ll i2 % (LOOKUP)
1:y $ Az 32y ¥ As: (PLUS:)

Aq :y’+y’llA3:0
Ay : double(y') § As: 0

(Fun)

Of course, another derivation is possible as well: instead of (ORr;) we can use (ORz)
and then derive the final result 2. This highlights that nondeterminism is handled by
competing rules in the natural semantics. To get the overall possible semantics of a single
expression, each possible derivation has to be considered. The same holds for CRWL.

Given the example calculation, we observe pros and cons of using an operational se-
mantics. On the one hand, the natural semantics is very useful because it is very close to
a Curry implementation. On the other hand, for calculations by hand and for formal rea-
soning the semantics is not that advantageous. The lengthy derivations and in particular
the contribution of potentially many derivations to the semantics of a single expression
are hindering. Another drawback is the need for normalized expressions.

A denotational semantics as given in the next section is very much complementary
to an operational semantics. It is more abstract and thereby, as a con, farther from an
implementation. On the pro side, every calculation is closed in itself. As calculations
thus become more concise, it is easier to calculate by hand. Moreover, the semantics is
completely compositional, meaning that the semantics of each subterm of a term can be
computed separately and then be used directly to calculate the semantics of the whole
term. This makes that semantics suitable in particular for equational reasoning, and
for proofs of semantic properties by induction on the structure of expressions. Other
advantages are that it operates on all (not only normalized) well-typed TFLC terms, and
that sharing effects are very explicit, which makes them easier to understand.

4 The Denotational Semantics

As we want to model nondeterminism, we cannot use single-value functions as semantic
objects. |Walicki and Meldal (1997) give an overview over appropriate function models.
The main criterion for choosing a function model is the decision about call-time vs. run-
time choice. As Curry uses call-time choice, the appropriate function models are 1) the
poweralgebraic model with the restriction to additive functions and 2) the multialgebraic
model.

The poweralgebraic model interprets each function as a mapping that maps a set to
a set. This model can be used for both strategies, run-time and call-time choice. If we
consider only additive functions, we get a model for call-time choice. A (semantic) function
f is additive if for all input sets X, Y we have f(XUY) = f(X)U f(Y). That is, (at least
on finite sets) every function is completely determined by its behavior on the empty set and
on all singleton sets. To satisfy additivity within a term semantics, we have to ensure that

2Note that double(y’) is, by the convention introduced two pages earlier, an abbreviation for
apply(double,y’).
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shared variables embody the same nondeterministic choice. In terms of the double coin
example, we have to guarantee that the semantics of double coin is the union of the
semantics of double 0 and double 1. There are basically two approaches to guarantee
additivity of functions in the term semantics. We can define function application by passing
an input set, to a function, piecewise as singleton sets (and maybe only pass through the
empty set, with some extra care to guarantee laziness). Or we can carefully delay sharing
as much as possible, by having an eye on the function input whenever it is used more
than once in the function body. The latter approach is preferable in an implementation as
presented by Brafel et al. (2011). But it is rather unwieldy in the design of a denotational
semantics, because we would have to either deeply investigate the syntax of terms or be
overly conservative by suspecting a necessity for sharing whenever evaluation of a term
splits into the evaluation of several subterms. Thus, the first alternative mentioned above
seems more appropriate, that is, pass an input set, to a function, piecewise as singleton
sets.

Nevertheless, we choose still another model, namely a multialgebraic one, as it turns
out that the mentioned kind of poweralgebraic model is isomorphic to the multialgebraic
model. A function that takes only singleton sets or the empty set can also be considered
as a function that takes single elements, where the empty set is modeled as an additional
special element. Mapping an element to a set (instead of a set to a set) corresponds to
the multialgebraic approach. We choose the multialgebraic instead of the poweralgebraic
model as, in our opinion, it provides a better overall intuition about the actual behavior
of functions. Also, the multialgebraic model is quite similar to the CRWL approach, and
thus likely to be more accessible to readers familiar with existing semantics for functional
logic languages.

Another choice to be made in a nondeterministic setting is the treatment of failure. One
of the arguments of a nondeterministic choice can be a failure or even be nonterminating.
So far we have not considered whether a nondeterministic choice is supposed to return all
non-failure results, only a part of them, or maybe no result at all in this case. These three
possible approaches are called angelic, erratic, and demonic nondeterminism, respectively.
Curry provides (as far as reasonableﬂ) angelic nondeterminism, returning all non-failure
results. Thus, for example, the terms 3 and 3 ? failedy,; are assigned the same semantics.

The appropriate way to model angelic nondeterminism is the Hoare powerdomain. If we
restrict ourselves to directed-complete partial orders (dcpos) as domains, an adaptation of
Theorem 6.2.13 of Abramsky and Jung (1994)) allows us to define the Hoare powerdomain
in terms of Scott-closed subsets. A subset A of a dcpo (D, C) is Scott-closed if it is a lower
set that is closed under the suprema of directed subsets. A subset A of a dcpo (D, C) is
a lower set if x € A implies that all y € D with y C x are in A, too. A directed subset A
is a non-empty subset where every two elements in A have a supremum in A.

Definition 4.1. Let D = (D,C) be a dcpo. Its Hoare powerdomain Py (D) is the com-
plete lattice of all Scott-closed subsets of D, along with order C on those.
Infimum and supremum of M C Py (D) are defined by:

ﬂM:{xED\VmEM.xEm}
| | M =({mePua(D)|VneMncm}

3No implementation is angelic w.r.t. nonterminating computations. Even if all non-failure results are
yielded, such a computation will still fail to terminate afterwards.



With the just given definition of the Hoare powerdomain we have fixed the domain struc-
ture for interpreting types to dcpos. The type semantics is defined by:

[a]o = 0(c)
[Bool]g = { True, False}
[Nat]p =N
[r1 = 72lo = {f : ([11]o) L= Pu(lr2]o) | f continuous}\{2}
[[71]e = ip(ASA[]} U{a:b|a e ([r]o)L,be SL})

where 6 is a given mapping from type variables to dcpos, to provide for polymorphic types.
Some explanations are in order here, given next.

Types are interpreted as the domains of individual semantic objects, not as the cor-
responding powerdomains. Therefore, the semantics of a term of type 7 will be in the
powerdomain of 7’s semantics. The semantics of Bool and Nat are sets with the discrete
order, in particular without least elements. Results summarized by |[Abramsky and Jung
(1994) guarantee that the domain structure of type semantics is preserved by the con-
structions for function and for list types. Regarding the function space, functions map
one element of the input type to a set of elements of the output type, i.e., are mappings
from a domain to a powerdomain. Failure (essentially the empty set) as input to a function
needs extra handling, as mentioned before. It is not present in any type’s domain, but
is conceptually a valid input to a function, hence we add it as a special element 1. The
lifting operator (), adds such an element as least element to a dcpo. Continuity (Scott-
continuity, i.e., monotonicity and preservation of suprema of directed sets) of functions is
enforced explicitly to guarantee that the function space itself is a dcpo (Abramsky and
Jung |1994)). The order on the function space is point-wise, and the least defined function
Q = Aa. is excluded from the function space, as we identify it with failure (which, as
indicated above, is not represented in the domains and instead comes in as the empty set
in the respective powerdomain). The semantics of list types is given via least fixpoints
(denoted via [fp). The entries in a list are single elements, not sets. All nondeterminism
in a list is “flattened out” and is represented by having a set of deterministic lists. When
we consider constructors as functions, this approach corresponds to the multialgebraic
function model. This also motivates having 1 as a possible list element. The order on the
interpretation of list types is by element-wise comparison.

As mentioned earlier, for the denotational treatment we restrict TFLC to use only
non-recursive let-expressions. We then define the term semantics w.r.t. a fixed program
P, as presented in Figure[3] There, § maps each type variable to a dcpo and o maps each
term variable to a single element from a pointed dcpo, specifically not to an element from
a powerdomain over such a dcpo. The latter (restriction to single elements) guarantees
call-time choice. For example, in the semantics of [fz;] the extended variable binding
o [T, 7 an] stores possible choices for actual function arguments individually, rather than
a set of possible values for each formal parameter x;.

To guarantee that all term semantics are Scott-closed sets, i.e., elements of a power-
domain, we employ the operation (-){, called down-closure. In a dcpo (D,C), we define
Al={zx e D|3Jye€ A x C y} forevery A C D. We say that A| is the lower set generated
by A. Down-closure suffices for our purpose to guarantee Scott-closedness since we use it
only on finite sets. The following two lemmas establish that fact.
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o if o(z) =1 ol — I
[zlo.s = {{a(az)}i otherwise nlo.o = {n}

[Truelp, = { True} [False]p » = { False} [Nil-Jo.o = {[]}
[[COHS(ela 62)]]970' = I—lhe([[El]]e,a)L I_lte([[GZ]]e,a)L{h : t}
[e1 + e2lo.0 = Uacpers., Ubefeso, {2+ b} [e1 7 e2]o.0 = [e1loo U [e2]o,0

[unknown[y, = [7]s [failed;]o,, =0

rdoo = (. .. (P el o} \ QD3 \ (2D
with f = Vay. - -Vay,.7; f(Tn) =ein P
[apply(e1, e2)]o.0 = Ueefe,),., Uac(iesgs.,). (F @)

[case e of {Nil = ey;Cons(z1,22) — e2}]pr =

[[62]]9,U[$1Ht1,x2Ht2] ift = t’]. : t2

leillos if t = True

[case e of {True — e1;False = e2}o.0 = [sepe, . {[e I Ft— Fulse
’ 2]0,0 =

[let T, =7, =€, in €]y, = U(E)ETW[[GHG,UWLH%]
with Tz—=¢- the set of all tuples (t,) that fulfill the following requirements:
t1 € ([ex]pommmeny) Lo tn € ([enlp ommmen) L

Figure 3: Denotational term semantics

Lemma 4.2. Let (D,C) be a depo and A C D such that all directed subsets of A have an
upper bound in A. Then Al is Scott-closed.

Lemma 4.3. In every finite partially ordered set A each directed subset has an upper
bound in A.

In the term semantics for a variable we use a down-closure w.r.t. the dcpo that is
the semantics of the type of x. Moreover, we use down-closure in the term semantics
for function symbols. Note that there we have to remove 2 before each application of
down-closure because the type semantics for function types do not contain 2.

Since the system of equations in Figure [3| is recursive, in general there can be more
than one solution. We take the canonical (least) one.

Definition 4.4. The semantic function [-].. w.r.t. a program P, formally is a family of
functions [[]]T, indexed by the type 7 (subsequently suppressed in notation), where each
[-]7. maps terms e with I - e :: 7, and corresponding environments 6, o, to elements of
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Pi([r]e). Here, “corresponding” means that § maps every type variable in I" to a dcpo,
while o maps every term variable z :: 7/ in ' to an element of ([7']g) L. We take [-]... as the
least solution of the recursive system of equations in Figure [3| (“least” in the point-wise
order on functions into Py ([7]) for 7, 0, o).

Instead of Scott-closed sets, it often suffices to calculate with sets that contain the
same maximal elements as a Scott-closed set. Additionally, most | J-operators can simply
be considered set unions, as stated by the following lemmas.

Lemma 4.5. The semantic function [-].. is monotone w.r.t. the term environment en-
tries. That is, [€]g oimst] € [€]o,ofmst] whenever t T t' in the appropriate domain.

Lemma 4.6. Let (D,C) be a dcpo and A be a Scott-closed set in D. Then A = A'| for
every A' C A with the same mazimal elements as A.

Lemma 4.7. Let D = (D,C), E = (E,C’) be decpos, and A C D. Let f be a monotone
map from Dy to Pu(E). We have | |,cx (f @) = U,ca(f a), and if A is finite, then
l_laEA(f CL) = UaEA(f CL).

This simplifies calculating with the denotational semantics, as shown in the following
example for apply(double, coin):

[coin]gg =107 g9 = [0]g,0 U [1]g,0 = {0,1}
[double]pp = ({Aa.[z + z]p,[zsa } \ {2

= (P Uneragy oo ety (b H €31\ {2D)]

Ueep{b + ¢} ifa=1
Llce{a}y{b +c} otherwise

Ueep{b+c} ifa=_1
Ueega{b + ¢} Otherwise} \{QHd

Ueco{b+c} ifa=_1
Uce{a}{b +c} OtherWise} \{ehd

0 ifa=_1
{b+a} otherwise} Mt

z—>a)

= ({Aa-Upepagy o { JARIY

= ({7\3 |_|b€[[z]]9,[x,_,a] {
~ (P Lbegay {
= (P Lbepay {

- ({ha {Q) o=ty oy

{a+a} otherwise
0 ifa=_1
= ({Ra. {{a +a} otherwise})i

[[apply(dOUble7 007;”)]]@,@ = I_lfeﬂdouble]]@ﬂ I_lae([[com]]@ﬂ)l (f a)

-U {@ ifa=_1 I—lae([[wm]](b,wh(f a)
fe({Aa.

hHi
{a+a} otherwise

11



Section 5 Equivalence of the Semantics

=U 0 fac | Uae(eoinye, (Fa)
fe{ra.
{a+a} otherwise

| 0 ifa=1
— a0l ) g fa} otherwise

={0,2}
As a more complex example, consider a program containing
ones :: [Nat]; ones() = Nilyat 7 Cons(1, ones)
and then the following calculation:

[ones]pp = [Nilnat 7 Cons(1, ones)]g g
= [[N”Nat]](z)’@ U [[COHS(]., Ones)]]@m
= {H} U I_lte([[ones]]@’@)l{J— ) A t}

= I Uhetnite oy g, 1w ep 161265

[, L:L1,1:1,1:[],1:[]} Utheutle([[msﬂ@@)L{L;t/,ht,}u t,1:t}

{
{

={[],L: L, 1L L[], L Loy Lol Ly L)L L[]
Tel:[l,L:1:]),1:1:0],...}
={[],1:[,1:1:[],...,1:1:---}]

5 Equivalence of the Semantics

As a goal in designing a denotational semantics for Curry, the new semantics should
be equivalent to an already established one. We claim that, in the absence of recursive
let-expressions, the denotational semantics from Section [ is equivalent to the natural se-
mantics in Section[3] There are several notions of equivalence of two semantics. Obviously,
there is no chance for a statement like “the same expressions evaluate to the same semantic
values” here since the natural semantics yields a set of terms while the denotational se-
mantics yields a set of mathematical objects. Instead, we relate the denotational semantics
of a “result” of a derivation in the natural semantics with the denotational semantics of
the original expression. This corresponds to the well-established notion of computational
adequacy of a denotational semantics with respect to an operational semantics. Since the
natural semantics requires normalized expressions, we first restrict ourselves to normalized
expressions and programs in what follows. At the end of this section we extend the results
to general TFLC expressions and programs (clearly, still without recursive let-expressions).
For an equivalence statement we have to relate the environments under which the
natural and the denotational semantics operate. We use the fact that we are interested
only in well-typed expressions, and hence relate the environments via a typing context.
Note that during the proofs we employ implicitly that the natural semantics preserves well-
typedness at each step of a derivation. By dom(-) we denote the domain of a function.
Since we consider only non-recursive let-expressions, we can restrict attention to non-
recursive heaps, i.e., heaps where no entry directly or indirectly depends on itself.

12



Definition 5.1. Let F {ak, T; =7} be a typing context. We say (6, A, o) corresponds to
T, written (6, A, o) ~ T, if A is a non-recursive heap, dom(0) = {ax}, dom(A)Udom (o) =
{z1}, dom(A) N dom(o) = 0, Vo € dom(A). T+ A(x) :: 7, and Va € dom(o). o(z) €
(I7]o)L, where ' x :: 7

The relation ~ extends the notion “corresponding” from Definition and allows us
to define the denotational semantics of a heap-expression pair.

Definition 5.2. Let ' e :: 7 and (,A,0) ~ T with A = {z, ~ e,}. We set
[A el = [let T, 77, =€, in €]y,

where the 7,; are taken from the T, - 7,, entries in I', which are guaranteed to exist by the
correspondence relation.

Now we are able to state the main conjecture, establishing equivalence of the natural
and the denotational semantics.

Conjecture 5.3. IfTFe 7, (0,A,0) ~T, and Vz € dom(o). o(x) = L, then, in the
absence of recursive let-expressions,

[[Aa e]]@,o = UA:el}A’:v [[A/7 Uﬂ@,a-

Note that the right-hand side still contains a nontrivial invocation of the denotational
semantics, because the operational semantics only ever reduces to a head normal form.
That the above adequacy statement is indeed very useful for relating denotational and
operational semantics can be seen by looking at its specialization to ground types. For
example, if we set 7 to Nat, we obtain that [A,e]g, contains an n € N if and only if
there exist A’ and v with A : e J A’ : v and either v = n or v is a variable x with
A’(z) = unknownpt.

We split Conjecture into the following theorem and conjecture, where each can be
used to establish one inclusion of the desired equivalence.

Theorem 5.4. Let I' e :: 7. Then, in the absence of recursive let-expressions,

AelAN:v = [A, 6]]0,0 ) HA/aU]]&o

whenever (0, A, o) ~T' (without further condition on o!).

That is, [A, €] is an upper bound for each [A’,v]p, with A :e | A’ : v, so clearly it
is above or equal to the least upper bound | |A. LA [A’,v]p,», which gives one inclusion
direction of Conjecture [5.3]

For the other direction, we need some preparation. By a standard fixpoint theorem
(using that [[]]9 » is continuous), we can characterize the semantic function from Defini-
tion via a “step-indexed” version. We set [e]) o = 0. For every i > 0 we get fe]: b Via
an adaptation of the rules in Figure [3 I by replacmg all occurrences of some [e]¢ ,» on the
right-hand sides by [¢/]] 0.0 L For example if e =e;1 7 eg, then for every ¢ > 0 the semantics

[[e]]go_ is defined as [[61]]00 U [e2]}. Then it holds in general that [e]p, = |_|16N[[e]]9‘7
Via Definition E the step-index i is transferred to the notion [A, e[y, as well, and we can
state the following conjecture.

13



Section 5 Equivalence of the Semantics

Conjecture 5.5. Let ' e :: 71, (0,A,0) ~ T, and Vo € dom(o). o(x) = L. Then, in
the absence of recursive let-expressions, for every i € N and t € [A,e]y  there exists a
natural semantics derivation yielding A : e | A" : v such that t € [A',v]g .

This gives the inclusion of [A, ey, in | |a . yary[A',v]po from Conjecture because:
[A,e]po is | ienlA, eﬂaa, Conjecture [5.5( gives that | |5 .yar.,[A; v]6,s is an upper bound
for each [A, e]]évo,, and hence it is above or equal to the least upper bound | |;c[A, e]]é,a.

We have proved Theorem by induction on the length of the semantic derivation
for A:el A': UE| The proof uses several lemmas and is structured similarly to a proof of
Lopez-Fraguas et al. (2007, proof of Theorem 6.2). Here, we only provide the main results
contributing to the proof.

First, we show how the concept of context refinement is represented in the denotational
semantics.

Lemma 5.6. LetT'Fex7, I"FeuT, (0,A,0) ~T, and (6,A",0) ~TI’. Then, in the
absence of recursive let-expressions,

(VCL‘ € dom(A> [[Aax]]e,a 2 [[A,’x]]e,a) = [[Aae]]9,0 2 [[A/ae]]e,a

Next, we split the effects of a natural semantics derivation into effects on the heap and on
the result. (The proof uses Lemmal5.6])

Lemma 5.7. LetT'te:: 7 and (6,A,0) ~T. If A:e | A’ : v, then, in the absence of
recursive let-expressions:

1. Vx € dom(A). [A,z]p 2 [A, 2]9, and

2. [Aelpe 2 [Av]0,0-

Combining Lemma and Lemma , we get a corollary that is the last ingredient
necessary for the proof of Theorem

Corollary 5.8. LetT'Fe::7 and (0,A,0) ~T. If A:e | A" : v, then, in the absence of
recursive let-expressions, [A,e]go 2 [A, €)oo

Proof (Theorem [5.4). Let I' F e :: 7 and let (6,A,0) be corresponding to I'. Assume
A:el A’:v. Then by Corollary We have [A, e]g» 2 [A’, €]ps, and by Lemma
we have [A’, e]yp, 2 [A',v]p». Hence, [Aelpr 2 [A,v]0,0-

Finally, in the absence of recursive let-expressions, denotational results about normal-
ized TFLC terms can be extended to all TFLC terms by the following lemma.

Lemma 5.9. Let P be a program and e be a well-typed expression such that ) & e 7. It
holds that, in the absence of recursive let-expressions,

[elso = [e'Tg

where the superscripts indicate the programs that are used to calculate the semantics.

4For Conjecture we expect that the stratification via ¢ will facilitate a proof. That is, a proof would
be first by induction on ¢ € N, then by structural induction on e.
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6 Conclusion

We have presented a new semantics for a core of the functional logic language Curry.
It is the first functional-style, denotational semantics for this language. We partially
proved equivalence to an existing natural semantics (Albert et al.|[2005; Brafiel and Huch
2007a). We expect benefits for equational reasoning and for formally establishing type-
based reasoning principles. Problems arising with recursive let-expressions are discussed
in Appendix [A]
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A What about Recursive Let-Expressions?

We have avoided treating recursive let-expressions in our denotational semantics here.
That is a pity, because we think that the combination of call-time choice and recursive let
is under-appreciated. For example, we can employ a recursive let-expression to define an
interesting way of swapping two elements in a list. This example is inspired by a similar
example of |[Erkok! (2002]), who uses the list monad in Haskell instead of nondeterminism.
We define a function called replace, which takes an element and a list and nondetermin-
istically replaces one entry in the list by that element. The function yields the resulting
list and the list entry that has been replaced.

replace :: Int -> [Int] -> ([Int],Int)
replace x (y:ys) =
(x:ys,y) 7 let (zs,z) = replace x ys in (y:zs,z)

By means of replace, we now define a function pairSwaps that nondeterministically
exchanges two elements in a list:

pairSwaps :: [Int] -> [Int]
pairSwaps xs = let (ys,y) = replace z xs
(zs,z) = replace y ys in zs

While being useful, even correctly implementing call-time choice in the presence of
let-recursion seems problematic, as exhibited below. First, we give the following Curry
definition of take, which for an input list 1 yields the longest prefix of 1 with at most
n > 0 elements:

take :: Int -> [a] —> [a]
take n 1 = if n<=0 then [] else take’ n 1
where
take’ _ [] =[]

take’ m (x:xs) x : take (m-1) xs

Now, consider the following Curry definition, where 7 denotes nondeterministic choice:
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Appendix A What about Recursive Let-Expressions?

ones = [] ? (1 : ones)

When we use KiCSi (the interpreter of the Kiel Curry System KiCS) and ask for the list
with the first three (if existing) elements of ones, we get the following answers:

> take 3 ones

(]

More?

[1]

More?

[1,1]
More?

[1,1,1]
More?

No more Solutions

But if we consider a very similar definition, just moving ones into a let-expression, KiCSi
behaves differently:

> let ones = [] ? (l1:ones) in take 3 ones

(]

More?

[1,1,1]
More?

No more Solutions

Because of call-time choice, the decision whether ones is [] or 1:ones is made just once
for the let-bound ones. For the top-level ones before, in contrast, the choice is made
in every single recursive step. From a term-rewriting point of view, in the first definition
ones is a constant, i.e., a nullary function, while in the second definition ones is a variable.
That is, in the top-level definition ones is simply a name for its right-hand side while in
the let-bound definition ones is a variable that obeys call-time choice. Omitting take 3
in both examples, the first definition thus yields lists of 1s of every length while the second
definition yields only the empty list and the infinite list of 1s.

So far, so good. But the semantics of recursive let-expressions appears to be not as
settled in functional logic languages as it is in purely functional ones. To see this, let us
now consider another definition which employs a recursive let-expression:

let len = 0 7 (1+len) in len

One could reasonably expect that the semantics of this expression is equal to the semantics
of the following expression:

let ones = [] 7 (l:ones) in length ones
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[let 7, =7, =€, in €]y, = U(H)eTmﬂeﬂé,a[iantn]

with Tz = the set of the minimal tuples (t,,) that fulfill the following requirements:

t1 € ma’x(([[elﬂe,a[xnr—)tn})i)’ tp € max((ﬂenﬂa,a[antn])L)
Figure 4: Attempt at dealing with recursive let-expressions denotationally

But for len, different Curry implementations behave differently. While KiCS indeed yields
the result 0 and then runs out of memory (as would be expected by analogy with the ones
example), PAKCS starts enumerating all natural numbers.

We see that setting up and implementing a formal semantics for a functional logic
language in the presence of recursive let-expressions is not likely to be straightforward. All
the more, creating a formal semantics in a denotational, functional style promises to help
uncovering and handling complex effects such as those described above. We had indeed
originally (Christiansen et al.[[2011)) allowed recursive let-expressions in our denotational
semantics, and replaced the last rule in Figure[3|by the one given in Figure[dl That allowed
us to explain the difference between ones defined via a recursive let-expression and via a

top-level definition. In particular, we had (for comparison with the calculation at the end
of Section :

[let ones = Nilnag ? Cons(1, ones) in ones]y g
= Uker

with Tones:NiINat?Cons(l,ones)
= min{t | t € max(([Nilnas ? Cons(1, 0nes)]p fonesest}) 1)}
L {L:1,1:1} ift=_1
= min{t | t € max(({[]} U {Ut'e({t}i)L{J‘ 1t/,1: ¢} otherwise +
=min{t | t € max(({[JJU{1l:t}])1)}
=min{[],1:1:---}
={[],1:1:---},

where the crucial step was to realize that

{t|temax(({[JJu{l:t}y) )} ={[1:1:.. }]]

[[ones]] 0,{ones—t}

ones=Nily ¢ ?Cons(1,0nes)

We even conjectured that Theorem and Conjecture and thus Conjecture [5.3
hold in the presence of recursive let-expressions with that semantics (while allowing recur-
sive heaps in Definition , but inspired by an example of |Schmidt-Schauf et al.| (2009)
we have since found that the proposed denotational treatment of recursive let-expressions
is not consistent with the operational behavior. More precisely, the denotation of expres-
sions that contain recursive let-expressions may consist of more results than it is supposed

No other choice for t satisfies the requirement t € max(({[]}U{1:t}})1). For example, the singleton
list 1:[]isnot in ({[]}U{l:1:[]})r, and the partial list 1 : L is in ({[]}U{1:1: L}])1, but not
maximal in it.
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Appendix A What about Recursive Let-Expressions?

to. Let us demonstrate this by considering the following expression, which is actually very
similar to an example of Brafiel and Huch| (2007b} to show that rule (VARExP) of |Albert
et al.| (2005) is inappropriate):

let b = True ? case b of {True — False; False — False} in b

Evaluating this expression in KiCSi yields True as first result. Asking for more re-
sults leads to nontermination. This is the intended behavior in the presence of call-time
choice: since b is a variable it can only be bound to one deterministic choice. Therefore,
the evaluation of the term above should yield the union of the results of the evaluation
of let b = True in b and let b = case b of {True — False; False — False} in b, i.e., de-
notationally the union of {True} and (). But the denotational semantics we proposed
additionally yields the result False. Let us examine the corresponding calculation in a bit
more detail:

[let b = True ? case b of {True — False; False — False} in b]y

- I_lteTb:True?case b of {True— False;False—False } Hbﬂ@?[th]

with Tb:True?casebof {True—False;False—False}
=min{t |t €
max(([True ? case b of {True — False; False — False}]p ,¢)) 1)}

0 ift =1
= min{t | t € max(({ True} U
{e] ( J {{False} otherwise’

= {True, False}
= {True, False}

The problem becomes visible best in the third-last line of the calculation. Let us assume
that the result that originates from the non-recursive part of the right-hand side of the vari-
able binding, namely { True}, is not present. In this case possible values for t, over which to
minimize, are exactly L and False, because L € max(), ) and False € max({False} ), but
True ¢ max({False}, ). After minimization only | remains. If we, however, reconsider
the original situation where { True} is present, L does not even take part in the minimiza-
tion, because L ¢ max(({True} UD) ). Due to True, False € max(({ True} U {False}), )
we now have to minimize over the set { True, False} rather than over the set {1, False},
and thus False “survives”.

Contrary to that denotational semantics, the natural semantics does yield the same
results as KiCSi for the above expression, as we will show now. To save space we abbreviate
the term case b of {True — False; False — False} by seql, .. The following derivation is
the only successful derivation for the expression in question:

V.
() : True | 0 : True ( AL)(OR )
O: True? seq?:alse J0: True ! w )
OOKUP
{b s True ? seq?, .} : b {b > True} : True (Lem)

0:let b= True ? seq’, . in bl {b+ True} : True
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Crucially, choosing (ORrs) instead of (Or;) leads to a partial derivation that cannot be

completed:
O:b4 777 777y 777

(777)

() : case b of {True — False; False — False
{ e (ORy)

() : True ? seqf:aIse [}

For the rule (?7?7) we could try to choose (LSELECT; ), (LSELECT2), (LGUESS;) or (LGUESS2),
but in the left branch we would always end up asking the empty heap for the value of b,
thus getting stuck.

The example presented above proves that Conjecture does not hold in the presence
of recursive let-expressions with their proposed denotational treatment (and, more specif-
ically, neither does Conjecture . From our current perspective that flaw is unfixable
in any approach to a set-valued denotational semantics. To define such a semantics for a
recursive let-expression it is simply not sufficient to know the sets which would be assigned
to the right-hand sides of variable bindings. Instead, it needs to be known wherefrom the
elements in such a set arise. And that information is not accessible in general.

We still think that Theorem holds even in the presence of recursive let-expressions
(as does Lemma , with our proposed denotational treatment of them, though it is
doubtful how useful that is in practice, given that that part of our denotational semantics
is not really adequate for full Curry. The fragment that contains only non-recursive let-
expressions is still powerful enough to model an interesting part of the language. Hence,
our semantics remains a suitable choice for equational reasoning and as a foundation for
formally carrying over relational parametricity arguments to functional logic languages.
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