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List-Producers using +H, reverse and map:'

part even [1..10] = [2,4,6,8,10,1,3,5,7, 9]

part :: (¢ — Bool) — [a] — [a]
partpl =letf [| 2z = z
f(x:xs) z = if pxthenx: (f zs z)
else f xs (z ++ [x])

in f1]]
shuffle “whatever” = “waeervth”

shuffle :: [a] — [a]

shuffle [| = |]
shuffle (x : xs) = x : (reverse (shuffle xs))

inats [1..4] = [[], (1], [1, 2], [1,2, 3], [1, 2, 3, 4]]

mnits i [a] — [[a]
mits ] = []]]

tnits (x : xs) = [] : (map (z :) (inits xs))




Runtimes dominated by repeated List—Operations:I

inits [1..n]
shuffle [1..n]
7 - part even [1..n]
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Efficiency by List Abstraction (part):'

part :: (¢ — Bool) — [a] — [a]
partpl = let f ] z = z
f(x:xzs) z = if pxthenx: (f xs z)
else fxs (z+H (xz:]]))

in fl
4
part* :: (& — Bool) — [a] — [a]
part* pl = wvanishy (An ca —
let f ] z = z

f(x:xs) z = if pxthenx ‘c’ (f s 2)
else fxs (z‘a‘ (x‘c' n))
in fln)

vanishy : (VB.8 — (o — B — ()
— (B — B — B) — B) — [
vanishy g = g |[] (:) (-H)

Such list abstraction can be performed automat-
tcally, based on the rank-2 polymorphic type of
vanish,, and partial type inference [Chitil, 1999]!

Runtimes: mn = | 3000 | 5000 | 7000 | 9000 | 11000

part even [1l..n] | 0.4 1.1 2.2 3.5 5.6 (s)
part* even [1..n] | 0.004 | 0.006 | 0.009 | 0.012 | 0.015 (s)




Efficiency by List Abstraction (shujfle):l

shuffle :: [a] — [af]

shuffle [] =[]
shuffle (x : xs) = x : (reverse (shuffle xs))
4
shuffle* «: [a] — [af
shuffle* | = wvanish,., (An cr —
let f ] =n
f(x:xzs) = x‘c (r (f xs))
in f1)

vanishy, : (V8.8 —- (o — 8 — B) — (B — B) — B) — |[q]

vanish,., g 1 g |[| (:) reverse

Runtimes: n = | 2000 | 4000 | 6000 | 8000 | 10000
shuffle [1.n] | 0.33 | 1.3 | 2.8 | 5.0 | 8.0 (s)
shuffie* [1..n] | 0.005 | 0.01 | 0.016 | 0.02 | 0.025 (s)




Efficiency by List Abstraction (inits):'

mnits i [a] — [[a]]
wits [ = []:]]
tnits (x : xs) = [ : (map (x :) (inits xs))
4

mnats* i [a] — [[a]]
mits* I = vanishiy rep,map (AN carm —

letf [] =1[‘cn

f(z:axs) = [ 'c" (m(z:) (f zs))
in f1)

vanishy rey,map 22 (VB . +++) — |
vanishy revmap 9§ 3 9 [] (:) (H) Teverse map

Runtimes: n = | 1000 | 2000 | 3000 | 4000 | 5000
inits [l..n] 035 | 1.3 | 3.2 | 6.0 | 9.0 (s)
inits* [1..n] 0.08 | 0.3 | 0.7 | 1.3 | 2.0 (s)




Actual Definitions of the vanish—CombinatorS:I

vanishy : (V3.8 - (o - B8 — B) - (B — B — B) — B) — [q]
vanish,, g = gid (Ax hys — x : (h ys)) (o) |]

vanish,, : (V8.8 — (a — B8 — B) — (B8 — B) — B) — [q]
vanishe, g = fst (g (Ays — (ys,ys))
(Ax hys — (x : (fst (h ys)),snd (h (z : ys))))
(Ah ys — swap (h ys)) [])

vanishy rey.map 2 (VB.8 — (@ - B — B8) - (B — B8 — B) — (B — B)
— (@ = a) = B8 — B) — B) — [q]
vanishiy eo,map § = fst (g (Af ys — (ys, ys))
(Az h fys — ((f ) : (fst (h f ys)),
snd (h f ((f =) : ys))))
()‘hl hy f ys — (fSt (hl I (fSt (hzf ys)))a

snd (hy f (snd (h1 f ys)))))
(AR f ys — swap (h f ys))
(Ak h f ys — h (f o k) ys) id [])




User-Exposed Semantics of the vanish—CombinatorszI

vanishy : (V8.8 - (@ - 8 — B8) — (B — 8 — B) — B) — [a
vanishy g = g ] (2) (+)

vanish, : (V8.8 — (o — B8 — B) — (B — B) — B) — [q]

vanish.., g 2 g|[] (:) reverse

vanishy reymap 2 (V8.8 — (@ - B8 — B) — (B — B — B) — (B — B)
— (¢ > ) = 8 — B) — B) — [q]

vanishiy rev.map 9§ 3 g [] (t) (H) reverse map

Proven using free theorems [Wadler, 1989], driven by the alge-
braic laws:

(xs H ys) H zs = xs H (ys H 2s) (1)

reverse (reverse xs) C xs (2)

map f (map k xs) = map (f o k) xs (3)




Proof: vanish., g =g |[] () (-+)

Parametricity [Reynolds, 1983] gives for the type of

g=vVg.8 - (A—-8—-08) > B—->8—08) —p
the following free theorem [Wadler, 1989]:
(n,n')eER AN (Ve : A,(l, ') eR.(cxl,c/zl')eER)
AN V(i l) eR,(L,B) ER.(ali bya' {15) € R)
= (gnca,gn’ c a') €R.

Instantiate withn =[], ¢c = (1), a = (+),n' = id, ' = ( Az h ys — = : (h ys)),
a’ = (o),and R = {(l,l') |Vys : [A] .l H ys =1l" ys}:

(Vys . [| H ys = ys)
AN Ve, l,U!.(Vys . Il +Hys=1Vys) = Vys.(z:l) Hys=z: (I'ys)))
AN (Vi U, L, 5. (VYVys . L H ys =l ys) N (Vys.lo H ys = 15 ys)
= (Vys.(li H L) H ys =1 (l5ys)))
= (Vys. (gl () (1)) Hys =g id (Az hys — z : (hys)) (o) ys).
The preconditions of this implication are fulfilled by the definition of ()

and by law (1), hence: (g [] (:) (+)) H [| = vanishy g. q



A general Methodology (e.g.: the filter Vanishes)l

nub :: EQa = [a] — [af
nub [ = |
nub (x : xs) = x : (filter (x #) (nub xs))

1. Freezing and Efficient Conversion:'

data List « = Nil | Cons a (List «) | Filter (& — Bool) (List )
nub’ :: EQa = [a] — List

nub’ [] = Nil

nub’ (z : xs) = Cons z (Filter (x #) (nub’ xs))

convert* :: Lista — [a]
convert*l = let h Nil p = |]
h (Consx xs) p = if (p ) then (z : (h xs p)) else (h s p)

h (Filterqxs) p = hxzs (Ax — qz && p x)
in hl(Ax — True)




2. Preparing Shortcut Fusion [Gill et al., 1993]:

build;s g = g Nil Cons Filter

nub’ :: EQa = [a] — List o

nub’ | = buildig (Ancf —leth | =n
h(x:xs) = cx (f (x #) (h xs))
in hl)

foldy s Nil ncf =n
foldiis (Cons x xs) n c f c x (foldys zs n ¢ f)
foldyis; (Filter g xzs) n c f f q (foldiiss xs n c f)

convert* :: Lista — [a]
convert* |l = fold s 1
(Ap — [])
(Axz h p — if (p ) then (x : (h p)) else (h p))
Agqhp —>h(Ax > qx&& px))
(Ax — True)
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3. Calculate using Fusion Law: fold s (builds g) = g

convert* (nub’ 1)

= foldiis; (buildyise (An cf — let h ] = n
h(x:xs) = cx (f (x #) (h xs))
in hl))
(Ap — [])

(Ax h p — if (p ) then (x : (h p)) else (h p))
(Aqhp — h (Az — gz && p x))

(Axz — True)
=(Ancf—leth [ = n
h(x:xzs) = cx (f (x #) (h xs))
in hl)
(Ap — [])

(Ax h p — if (p ) then (x : (h p)) else (h p))
(Agqhp —h(Azx — qz&& p x))
(Ax — True)
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4. Abstract into Combinator:.

vanishgper g = g (Ap — []) Az h p — if (p ) then (z : (h p)) else (h p))
Agqhp > h(Ax — qx&& px)) (Ax — True)

nub* : Ega = [a] — [

nub* Il = wvanishgye, (An c f — let b ] = n
h(x:xs) = cx (f (x #) (h xs))
in hl)

5. Prove Correctness: I

vanishger : (V8.8 — (a - 8 — 3) — ((@ — Bool) - 8 — 38) — 8) — [¢]
vanishauer g = g (| (¢) filter

Using a free theorem and the following law:

filter p (filter q xs) = filter (Ax — qx && p x) s  (4)
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Proof: vanishfuer g = g [] (2) filter

From the type of g follows the free theorem:

(n,n’) € R
AN Ve A, (L)eR.(cxl,d’zl') eR)
AN (Vg::A—Bool,(,I'))eR.(fql,f'ql') eR)
= (gncf,gn’ c f') eR.

Instantiate withn = [|, ¢ = (:), f = filter,n’ = (Ap — [|),
¢’ = (Axhp —if (px)then (x: (h p))else (h p)),
f'=MMAqhp —>h(Ax — qx&& p x)), and
R={(,U)|Vp:: A—Bool. filterpl =1 p}:

(Vp . filter p [] = [])
AN (Vx,l,lU'.(Vp. filter pl =1 p)
= (‘V’p .ﬁlte’r‘p (CB : l) = if (p :13) then (iB . (l/ p))

else (I’ p)))
AN (Vg,L,U.(Vp. filter pl =1 p)

= (Vp. filter p (filter ql) =1' (Ax — q x && p x)))
= (Vp. filter p (g [] (¢) filter)
=g (Ap — [])
(Ax h p — if (p ) then (x : (h p)) else (h p))
(Aghp — h (Az — q z && p z)) p).
The preconditions of this implication are fulfilled
by the definition of filter and by law (4), hence:

filter (Ax — True) (g [| (¢) filter) = vanishgye, g.
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Summary: I

Variation of list abstraction: abstract not only over data

constructors, but also over manipulating operations.

Methodology: “freezing” plus “efficient conversion as a fold”
for synthesizing optimized list implementations.

(also applicable to other algebraic data types)

Encapsulate essence of optimizations in reusable rank-2 poly-

morphic combinators.

Allows automation and proofs using free theorems.
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